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QUANTUM CHANNELS WITH QUANTUM GROUP SYMMETRY
HUN HEE LEE AND SANG-GYUN YOUN
ABSTRACT. In this paper we will demonstrate that any compact quan-
tum group can be used as symmetry groups for quantum channels, which
leads us to the concept of covariant channels. We, then, unearth the
structure of the convex set of covariant channels by identifying all ex-
treme points under the assumption of multiplicity-free condition for the
associated fusion rule, which provides a wide generalization of the re-
sults of [MSD17]. The presence of quantum group symmetry contrast
to the group symmetry will be highlighted in the examples of quantum
permutation groups and SUq(2). In the latter example, we will see the
necessity of the Heisenberg picture coming from the non-Kac type con-
dition. This paper ends with the covariance with respect to projective
representations, which leads us back to Weyl covariant channels and its
fermionic analogue.
1. INTRODUCTION
Conservation of symmetry has been one of the central themes in quantum
theory. Symmetries are often described by group actions and it is natural
to be interested in quantum objects, such as quantum states, invariant un-
der these actions. Since the quantum states are operators acting on Hilbert
spaces we can immediately move to the representation theory of groups for
the candidates of these actions. Recent developments of quantum informa-
tion theory (shortly, QIT) lead us to focus more on quantum systems whose
state space, or the underlying Hilbert space is finite dimensional, which
means that the representations we are interested in are finite dimensional
ones. This is why we usually consider compact groups, where the theory
of associated finite dimensional representations is rich. More precisely we
are interested in a quantum state ρ ∈ B(H) which is invariant under a finite
dimensional unitary representation π ∶ G → B(H) for a compact group G,
i.e. π(x)ρπ(x)∗ = ρ, ∀x ∈ G.
The QIT point of view provides us another important class of quantum
objects, namely quantum channels. In finite dimensional setting, quantum
channels are (in the Schro¨dinger picture) completely positive and trace-
preserving (CPTP) maps between matrix algebras, where compact groups
naturally act. We say that a quantum channel is covariant if this action is
preserved.
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The above two symmetric objects, namely invariant states and covari-
ant channels have been extensively studied (in [DKS05, DFH06, KW09,
MW09, MS14, DTW16, WTB17, Hay17b, Hay17a] and so on). One sur-
prising feature is that the usual connection between the two objects, namely
the Choi-Jamiołkowski map (shortly, CJ-map) still serves as the bridge be-
tween two symmetries once we focus on bipartite states with the canonical
choice of group invariance reflecting the bipartite structure. More precisely,
we are interested in a bipartite quantum state ρ ∈ B(H ⊗ K) such that
(u(x) ⊗ v(x))ρ (u(x) ⊗ v(x))∗ = ρ, ∀x ∈ G for some finite dimensional
unitary representations u ∶ G → B(H) and v ∶ G → B(K) of a compact
group G. We say that such ρ is G(u,v)-invariant. We are also interested
in a quantum channel Φ ∶ B(H¯) → B(K) such that Φ(u¯(x)Xu¯(x)∗) =
v(x)Φ(X)v(x)∗, ∀x ∈ G, which we call G(u¯,v)-covariant, where u¯ is the
the conjugate representation of u. When there is no possibility of confusion
we simply say G-invariant and G-covariant, respectively.
The concept ofG-invariance of bipartite states even goes back toWerner’s
1989 paper [Wer89] (introducing Werner states) and a detailed explana-
tion for the general case is in [VW01]. Some of the follow-up researches
[Key02, Has18] observed thatG(u,v)-invariance can be transferred toG(u¯,v)-
covariance of channels via the CJ-map for certain special cases. This corre-
spondence gives usWerner-Holevo channels (a counterexample on Amosov,
Holevo and Werner’s conjecture, see [AHW00, WH02]) fromWerner states
[Wer89] and depolarizing channels from isotropic states [VW01]. These
classes of channels are of prime importance in QIT, but the representa-
tions behind them were limited to the fundamental representations (and
their conjugates) of the Lie groups U(n) and O(n), whose structures are
relatively easy. It was the paper by Nuwairan [AN14] whose main focus
was to reveal the structure of all irreducibly SU(2)-covariant channels us-
ing a more involved representation theory. Nuwairan introduced the class of
EPOSIC channels, which turns out to be the set of extreme points of all irre-
ducibly SU(2)-covariant channels since their images through the CJ-map
are proved to correspond to the set of extreme points of SU(2)-invariant
states from [VW01].
The idea of EPOSIC channels was to focus on the irreducible decom-
position of the tensor product of two irreducible representations of SU(2),
which produces intertwining isometries to be used as the Stinespring isome-
tries for the EPOSIC channels. Understanding the structure of the tensor de-
composition is a fundamental issue in the representation theory of compact
groups and the details of the aforementioned intertwining isometries are en-
coded in so-called the “Clebsch-Gordan coefficients”. In [BC18, BCLY20]
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the authors lifted the idea of EPOSIC channels to the case of general com-
pact groups and even to their quantum counterpart, namely the case of com-
pact quantum groups and introduced the class of Clebsch-Gordan channels
(shortly, CG-channels). The initial motivation of CG-channels was to pro-
vide a large class of channels with interesting properties, which are essen-
tially different from the known ones. It has been pointed out in [BCLY20]
that certain CG-channels satisfy covariance with respect to the underlying
quantum group G, but the usage of G-covariance has been limited to ob-
tain the bistochastic property of the corresponding CG-channels, and the
study on the general structures of G-covariant channels has not been pur-
sued. Moreover, the associated invariant states have been clarified only for
the special class of CG-channels called Temperley-Lieb channels, whose
underlying quantum groups have the same fusion rule as SU(2).
It is the main purpose of this paper to prove that the connection between
two symmetries through the CJ-map hold in full generality even for the
quantum group symmetry under the assumption of multiplicity-free ten-
sor decomposition of the associated representations. This assumption al-
lows us to provide a simple characterization of extremal, invariant bipar-
tite states, which was already suggested in [MSD17] for the special case
of finite groups. The key result here is that those extremal bipartite states
can successfully be traced back to quantum channels, which is a highly
non-trivial fact since the range of CJ-map (upto a scaling factor) does not
cover all states. Moreover, it turns out that those channels are exactly CG-
channels, which makes them into fundamental building blocks for covariant
channels with respect to quantum group symmetry.
Once we include quantum groups for the possible symmetry groups, it
is natural to be interested in whether we could find genuine quantum phe-
nomena different from the classical group case. The first such phenomenon
comes with the example of the permutation group Sn and the quantum per-
mutation group S+n for n ≥ 4 in Section 6.1. Here, the set of all Sn-covariant
quantum channels with respect to its standard representation forms a 3-
simplex, whilst we get a 2-simplex for the corresponding S+n-covariance.
The second quantum phenomenon arises when we consider the symmetry
(quantum) group SUq(2), which is one of the best-known quantum groups
[Wor87b]. In this case we have some obstacles coming from so-called the
non-Kac type property of SUq(2), which forces us to use partial quantum
trace instead of the usual partial trace in the Stinespring procedure. The
use of quantum trace is necessary to secure covariance, but also leads us to
another obstacle that the resulting map (which we call the Clebsch-Gordan
map in Definition 4.1) is not trace-preserving (shortly, TP) in general. For-
tunately, the resulting map is still unital upto a scaling factor, which al-
lows us to use the model of quantum channels in the Heisenberg picture,
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namely unital completely positive (UCP) maps. Recall that the two pic-
tures, Heisenberg’s and Schro¨dinger’s are known to be equivalent via trace
duality. When the underlying quantum group is of Kac type (such as S+n
or classical compact groups), this additional difficulty disappears since the
quantum trace is the same as the usual trace.
This paper is organized as follows: We gather basics of CJ-map and
the representation theory of compact quantum groups in Section 2. We
analyze the structure of the space of G-invariant operators and prove that
G-covariance of linear maps transfers to G-invariance of their CJ-matrices
via CJ-map in Section 3. In section 4 we introduce Clebsch-Gordan maps
(shortly, CG-maps) as the key ingredients for establishing that the above
transference result remains true when we restrict our focus on the case ofG-
covariant channels under the multiplicity-free assumption. Section 5 deals
with the behavior of CG-maps in terms of trace duality when the underly-
ing quantum group is of Kac type, which explains why we do not need to
summon the Heisenberg picture in this case. The last section is devoted
to various concrete examples highlighting the consequences of the previ-
ous results. In fact, we establish a general framework of determining the
set of all G-covariant channels in two steps, namely, (1) finding irreducible
components out of the associated tensor product representations, and (2)
specifying the corresponding CG-maps. We will explore the cases of quan-
tum permutation group S+n and the q-deformed quantum group SUq(2) ex-
hibiting genuine quantum phenomena. The last collection of examples are
covariance coming from projective representations. While these examples
can be regarded as sub-cases of classical group symmetry, we would like
to emphasize its connection to fundamental quantum systems such as finite
Weyl systems and fermionic systems. This will lead us back to the well-
known Weyl covariant channels and its fermionic analogue.
2. PRELIMINARIES
2.1. Choi-Jamiołkowski map and trace duality. In this paper all Hilbert
spaces (denoted by HA, HB and so on) are finite dimensional.
One of the fundamental object we will see in this paper is a linear map
Φ ∶ B(HA) → B(HB). For a fixed choice of orthonormal basis {ei}ni=1,
n = dim(HA) we consider the following linear isomorphism
C ∶ B(B(HA),B(HB)) → B(H¯A ⊗HB) ≅ B(H¯A) ⊗B(HB), Φ↦ CΦ,
where
CΦ =
n
∑
i,j=1
eij ⊗Φ(eij).
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Here, eij is the matrix unit associated with the fixed basis {ei}ni=1 and H¯A
refers to the Hilbert space conjugate of HA. We call the map C and the
operator CΦ by the Choi-Jamiołkowski map (shortly, CJ-map) and the CJ-
matrix of Φ, respectively. It is straightforward to check that
Φ(X) = (Tr⊗ id)(CΦ(X t ⊗ Id)), X ∈ B(HA), (2.1)
where X t refers to the transpose of X .
The CJ-map gives a bijection between CP (B(HA),B(HB)), the set of
all completely positive (shortly, CP) maps and the set of all positive definite
matrices in B(HA ⊗HB). Since Φ ∶ B(HA) → B(HB) is trace-preserving
if and only if (id ⊗ Tr)(CΦ) = IdA, which is a stronger condition than
Tr(CΦ) = dim(HA), the map Φ ↦
1
dim(HA)
CΦ is an injective but not sur-
jective mapping from CPTP (B(HA),B(HB)), the set of all CPTP maps
into D(HA⊗HB), the set of all states onHA⊗HB. This is often called the
channel-state duality.
The transition from the Schro¨dinger picture into the Heisenberg picture
is done via trace duality, which is based on the following two natural duality
brackets on the matrix algebra B(H).
⟨X,Y ⟩ ∶= Tr(XY ) and ⟪X,Y ⟫ ∶= Tr(X tY ), X,Y ∈ B(H).
For a linear map Φ ∶ B(HA) → B(HB) we now have two associated ad-
joint maps Φ∗ and Φ′ given by ⟨Φ∗(Y ),X⟩ = ⟨Y,Φ(X)⟩ and ⟪Φ′(Y ),X⟫ =
⟪Y,Φ(X)⟫, respectively for X ∈ B(HA) and Y ∈ B(HB). We can easily
check that
Φ′(X) = Φ∗(X t)t, X ∈ B(HB).
2.2. Compact quantum group. A compact groupG can be understood by
the pair (C(G),∆), where C(G) is the space of all complex valued con-
tinuous functions on G and ∆ ∶ C(G) → C(G × G) is the map given by[∆(f)](s, t) = f(st), s, t ∈ G, encoding the group multiplication. There is
a unique Borel probability measure µ onG called the Haar measure, which
is translation invariant. This produces a positive functional (called the Haar
functional) on C(G) given by f ↦ ∫G f dµ. This style of describing com-
pact groups has a quantum counterpart leading us to the compact quantum
group, which is given by a pair (C(G),∆). In this case C(G) is a unital
C∗-algebra and ∆ ∶ C(G) → C(G) ⊗ C(G) is a unital ∗-homomorphism,
called the co-multiplication, satisfying the following properties:
(1) (∆⊗ id)∆ = (id⊗∆)∆.
(2) Both {∆(a)(b ⊗ 1) ∶ a, b ∈ C(G)} and {∆(a)(1 ⊗ b) ∶ a, b ∈ C(G)}
span dense subspaces in C(G)⊗C(G).
6 HUN HEE LEE AND SANG-GYUN YOUN
Note that the minimal tensor product of C∗-algebras is used for the space
C(G)⊗C(G).
There is a unique, unital, positive, linear functional h ∶ C(G) → C satis-
fying (id⊗ h)∆ = h(⋅)1 = (h⊗ id)∆,
which replaces the role of the Haar functional and is called the Haar state.
See [Wor87b, Wor87a, Tim08] for more details.
A (finite dimensional) representation of G is an invertible element
u = (uij)nui,j=1 = nu∑
i,j=1
eij ⊗ uij ∈ B(Hu)⊗C(G) ≅Mnu(C(G))
satisfying
∆(uij) = nu∑
k=1
uik ⊗ ukj for all 1 ≤ i, j ≤ nu.
Here, nu = dim(Hu) is the (classical) dimension of u. When the element u
is unitary, we say that u is a unitary representation.
For a unitary representation u, we consider the contragradient represen-
tation uc given by
uc = (u∗ij)i,j = nu∑
i,j=1
eij ⊗ u∗ij ∈ B(H¯u)⊗C(G) ≅Mnu(C(G)),
which is, in general, not unitary. However, there is a uniquely determined
invertible positive matrix Qu ∈ B(H¯u) such that the functionals Tr(Qu ⋅)
and Tr(Q−1u ⋅) coincides on B(H¯u) and the element
u = (Q 12u ⊗ 1)uc(Q− 12u ⊗ 1)
is a unitary representation, which we call the conjugate representation.
Here, the common value Tr(Qu) = Tr(Q−1u ) = du is called the quantum
dimension of u. For ut = (uji)i,j we have
ut(Qu ⊗ 1)uc = Qu ⊗ 1, uc(Q−1u ⊗ 1)ut = Q−1u ⊗ 1. (2.2)
From this, it is not difficult to check Qu = Q−1u . The matrix Qu can be
associated with the positive functional TrQu on B(Hu) given by
TrQu(X) = Tr(QuX), X ∈ B(Hu),
which we call a quantum trace. We say that G is of Kac type if Qu = Idu
for any unitary representation u of G.
For two representations u = (uij) and v = (vkl) ofG we define the tensor
product u ⊺ v by
u ⊺ v ∶=
nu
∑
i,j=1
nv
∑
k,l=1
eij ⊗ ekl ⊗ uijvkl ∈ B(Hu)⊗B(Hv)⊗C(G),
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and the direct sum u⊕ v ∈ (B(Hu)⊕B(Hv))⊗C(G) in an obvious way.
We also consider the space of intertwiners
Hom(u, v) ∶= {A ∈ B(Hu,Hv) ∶ v(A⊗ 1) = (A⊗ 1)u}.
We say that u and v are equivalent (we write u ≅ v) if there is an invertible
operator in Hom(u, v). We say that u is irreducible if Hom(u,u) = C ⋅ Idu.
The set of equivalence classes of irreducible unitary representations of G
will be denoted by Irr(G). We will always assume that for a given α ∈
Irr(G) we fix a representative uα ∈ B(Hα)⊗C(G). In this case, Quα , nuα
and duα will be simply denoted by Qα, nα and dα, respectively.
We say that u is a subrepresentation of v (we write u ⊆ v) if there is
another representation w on G such that u⊕w is equivalent to v.
Irreducible unitary representations play a vital role in understanding the
underlying quantum group G. The linear space Pol(G) spanned by {uαij ∶
α ∈ Irr(G), 1 ≤ i, j ≤ nα} is dense in C(G) and equipped with the antipode
S ∶ Pol(G)→ Pol(G) given by
S(uαij) = (uαji)∗, α ∈ Irr(G), 1 ≤ i, j ≤ nα,
which is an anti-multiplicative linear map. Moreover, we have the following
Schur-orthogonality relations: for α,β ∈ Irr(G) we have
h(uαij(uβkl)∗) = δαβδik (Qα)ljdα and h((uαij)∗uβkl) = δαβδjl (Q
−1
α )ki
dα
. (2.3)
Here, by choosing a suitable orthonormal basis of Hα, we may assume that
Qα is diagonal [Daw10].
Every (finite dimensional) unitary representation of G can be decom-
posed into a direct sum of irreducible ones. In this paper, we are interested
in the irreducible decomposition of the tensor product of two unitary rep-
resentations u, v of G, namely u ⊺ v ≅ ⊕Nj=1uαj . This decomposition, in
general, allows repetition of the same representatives, i.e. you may have
αj = αk for 1 ≤ j ≠ k ≤ N . We say that u ⊺ v has a multiplicity-free irre-
ducibel decomposition if all the elements αj , 1 ≤ j ≤ N are distinct. We are
particularly interested in the case when u and v are also irreducible, namely
u = uα, v = uβ, α,β ∈ Irr(G). Then we have uγ ⊆ uα ⊺ uβ for γ = αj ,
1 ≤ j ≤ N , which we simply write
γ ⊆ α ⊺ β.
It is well-known that the above is equivalent to (see [Tim08, Section 3.1.3]
for the details)
γ ⊆ β ⊺ α⇔ β ⊆ γ ⊺ α⇔ β ⊆ α ⊺ γ ⇔ β ⊆ γ ⊺ α.
In this case, we can find an isometric intertwiner v
α,β
γ ∈ Hom(γ,α ⊺ β),
whose behavior with respect to theQ-matrices are given as follows ([FLS16,
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Remark 4.6]). (Qα ⊗Qβ)vα,βγ = vα,βγ Qγ . (2.4)
2.3. The quantum permutation group S+n and the q-deformed quantum
group SUq(2). A compact quantum group (C(G),∆) is called a compact
matrix quantum group (see [Tim08, Proposition 6.1.4 i)] for the details) if
there is a unitary w = (wij)1≤i,j≤n ∈ Mn(C(G)), called the fundamental
representation, such that
(1) wc = (w∗ij)1≤i,j≤n is invertible,
(2) the elements wij , 1 ≤ i, j ≤ n, generate C(G) and
(3) ∆(wij) = n∑
k=1
wik ⊗wkj , 1 ≤ i, j ≤ n,
which can be regarded as a quantum analogue of compact Lie groups. Let
us collect basic materials for the compact matrix quantum groups S+n and
SUq(2), which will be used only in Section 6.1 and Section 6.2.
Example 2.1. The quantum permutation group S+n (n ≥ 2) was introduced
in [Wan98]. The underlying C∗-algebra C(S+n) is given by the universal
unital C∗-algebra generated by n2 operators uij satisfying
(1) w∗ij = wij = w2ij for all 1 ≤ i, j ≤ n and
(2)
n
∑
i=1
wij = 1 for all 1 ≤ i ≤ n and
n
∑
j=1
wij = 1 for all 1 ≤ j ≤ n.
Then the unital ∗-homomorphism ∆ determined by wij ↦
n
∑
k=1
wik ⊗ wkj,
1 ≤ i, j ≤ n, turns (C(S+n),∆) into a compact quantum group.
It is known [Ban99] that Irr(S+n) is identified with {0,1,2,⋯} and
ul ⊺ um ≅ ul+m ⊕ ul+m−1 ⊕⋯⊕ u∣l−m∣.
Note that the fundamental representation w = (wij)1≤i,j≤n is reducible with
two invariant subspaces H0 = C ⋅ ξ0 and H1 = H⊥0 for the invariant vector
ξ0 = ∑nj=1 ej . The associated irreducible sub-representations are known to
be equivalent to u0 and u1, respectively.
Example 2.2. The compact quantum group SUq(2) (0 < q < 1) was intro-
duced in [Wor87b]. The underlyingC∗-algebraC(SUq(2)) is the universal
unital C∗-algebra generated by operators a, c such that [ a −qc∗
c a
] is a
unitary. Then, together with the unital ∗-homomorphism ∆ determined by
a↦ a⊗ a − qc∗ ⊗ c
c↦ c⊗ a + a∗ ⊗ c , the pair (C(SUq(2)),∆) satisfies the axioms to be
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a compact quantum group. It is known that Irr(SUq(2)) is identified with{0,1,2,⋯} with the fusion rule
ul ⊺ um ≅ ul+m ⊕ ul+m−2 ⊕⋯⊕ u∣l−m∣.
Note that u0 = 1, the identity of the algebraC(SUq(2)) and u1 = [ a −qc∗c a ] ∈
M2(C(SUq(2))), the fundamental representation.
3. G-INVARIANT OPERATORS AND G-COVARIANT LINEAR MAPS
We begin withG-invariant states or more generallyG-invariant operators
for a compact quantum group G.
Definition 3.1. Let u and v be finite dimensional unitary representations of
G. An operatorX ∈ B(Hu) is called Gu-invariant if X is an intertwiner of
u, i.e.
u(X ⊗ 1)u∗ = X ⊗ 1.
In particular, a bipartite operator Y ∈ B(Hu⊗Hv) is calledG(u,v)-invariant
if (u ⊺ v)(Y ⊗ 1)(u ⊺ v)∗ = Y ⊗ 1. (3.1)
When u, v are irreducible, i.e. u = uα and v = uβ for some α,β ∈ Irr(G), we
write “Gα-invariant” instead of “Guα-invariant” and “G(α,β)-invariant”
instead of “G(uα,uβ)-invariant”.
We will focus on G(u,v)-invariance under the condition that u ⊺ v has
a multiplicity-free irreducible decomposition, which makes their structure
easy to describe as we can see below.
Proposition 3.2. Suppose that u1, u2,⋯, un are mutually inequivalent irre-
ducible unitary representations of G and set u = ⊕nj=1uj . Then, X ∈ B(Hu)
is Gu-invariant if and only if X ∈ span {pk}1≤k≤n, where pk is the orthog-
onal projection onto the space Huk from ⊕
n
k=1Huk . Moreover, the set of
extreme points of the convex set of Gu-invariant states D(Gu) is
ExtD(Gu) = { 1
nk
pk ∶ 1 ≤ k ≤ n} .
Proof. Let us denote by ekij the canonical matrix units of B(Huk), which
allow us to write ⊕nk=1uk as
n
∑
k=1
nk
∑
i,j=1
ekij ⊗u
k
ij . Then the intertwining property
ofX ⊗ 1 becomes
X ⊗ 1 =
n
∑
k1,k2=1
nk1
∑
i,j=1
nk2
∑
k,l=1
ek1ijXe
k2
lk ⊗ u
k1
ij (uk2kl )∗. (3.2)
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Now we assume that X ⊗ 1 is an intertwiner of ⊕nj=1uj . Taking id⊗ h on
both sides of (3.2), we obtain
X =
n
∑
k=1
nk
∑
i,j=1
Xkjje
k
ii
(Quk)jj
dk
=
n
∑
k=1
Tr(XQuk)
dk
pk.
by the Schur’s orthogonality relation. The converse direction is obtained
directly by the unitarity of uk, 1 ≤ k ≤ n.
The last statement for states follows directly from the fact that the pro-
jections pk, 1 ≤ k ≤ n, have orthogonal ranges, so that a state ρ ∈ B(Hu)
is Gu-invariant if and only if ρ =
n
∑
k=1
ak
nk
pk for some probability distribution
{ak}nk=1. 
We continue with G-covariant linear maps and their basic properties.
Definition 3.3. Let u, v be finite dimensional unitary representations of G.
We say that a linear map Φ ∶ B(Hu)→ B(Hv) is G(u,v)-covariant if(Φ⊗ id)[u(X ⊗ 1)u∗] = v(Φ(X)⊗ 1)v∗, X ∈ B(Hu).
Notation 3.4. (1) CovG(u, v), the space of all G(u,v)-covariant maps.
(2) CPTPCovG(u, v), the convex set of all CPTPG(u,v)-covariant maps.
(3) UCPCovG(u, v), the convex set of all UCP G(u,v)-covariant maps.
We can immediately connect two symmetries via the CJ-map.
Theorem 3.5. Let Φ ∶ B(Hu) → B(Hv) be a linear map for finite dimen-
sional unitary representations u, v of G. Then Φ is G(u,v)-covariant if and
only if (uc ⊺ v)∗(CΦ ⊗ 1)(uc ⊺ v) = CΦ ⊗ 1. (3.3)
In other words, Φ is G(u,v)-covariant if and only if the operator (Q− 12u ⊗
Id)CΦ(Q− 12u ⊗ Id) is G(u,v)-invariant.
Proof. For anyX ∈ B(Hu), let us denote by ϕX the linear functional given
by ϕX(A) = Tr(AX t). Then we have
v∗(Φ⊗ id)(u(X ⊗ 1)u∗)v
=
nu
∑
i,j,k,l=1
nv
∑
p,q,r,s=1
evqpΦ(euijXeulk)evrs ⊗ v∗pquiju∗klvrs
=∑ evqp(ϕeuijXeulk ⊗ id)(CΦ)evrs ⊗ v∗pquiju∗klvrs
=∑ evqp(ϕX ⊗ id)((euji ⊗ Idv)CΦ(eukl ⊗ Idv))evrs ⊗ v∗pquiju∗klvrs
=∑(ϕX ⊗ id)[(euji ⊗ evqp)CΦ(eukl ⊗ evrs)]⊗ v∗pquiju∗klvrs
= (ϕX ⊗ id⊗ id)((uc ⊺ v)∗(CΦ ⊗ 1)(uc ⊺ v)).
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On the other hand we have Φ(X)⊗ 1 = (ϕX ⊗ id⊗ id)(CΦ ⊗ 1). Thus, we
can see that G(u,v)-covariance of Φ is the same as (ϕX ⊗ id⊗ id)(CΦ⊗1) =
v∗(Φ⊗ id)(u(X ⊗1)u∗)v for anyX ∈ B(Hu), which, in turn, is equivalent
to the identity (uc ⊺ v)∗(CΦ ⊗ 1)(uc ⊺ v) = CΦ ⊗ 1.
The last conclusion immediately follows from the following identity
uc ⊺ v = (Q− 12u ⊗ Idv ⊗ 1)(u ⊺ v)(Q 12u ⊗ Idv ⊗ 1).

Remark 3.6. A new perspective on the channel-state duality comes from
Theorem 3.5, which states thatΦ ↦ 1
dim(HA)CΦ is an injective mapping from
CPTPCovG(u,v) into D(G(u¯,v)) if G is of Kac type. A surprising feature is
that we even get surjectivity of this correspondence under the multiplicty-
free assumption, which we will endeavor in the next section.
When the associated unitaries u and v are irreducible, i.e. u = uα and
v = uβ for some α,β ∈ Irr(G), then we will simply write G(α,β)-covariance
instead of G(uα,uβ)-covariance. In this case a linear map Φ ∶ B(Hα) →
B(Hβ) being G(α,β)-covariant clearly implies that Φ(Idα) is Gβ-invariant,
so we obtain the following.
Proposition 3.7. Let α,β ∈ Irr(G) and Φ be a G(α,β)-covariant map. Then
we have
Φ(Idα) ∈ C ⋅ Idβ.
4. CLEBSCH-GORDAN MAPS AND THE STRUCTURE OF G-COVARIANT
MAPS
Looking back Proposition 3.2 we can immediately see that the operators
pk, the orthogonal projection onto the space Huk from ⊕
n
k=1Huk ≅ u ⊺ v,
are building blocks for G(u,v)-invariant operators. The main result of this
section is the construction of linear maps whose CJ-matrices are exactly the
operators pk.
Definition 4.1. Let α,β, γ ∈ Irr(G) such that α ⊆ β ⊺ γ. We define the
linear map Φ
α→β
γ ∶ B(Hα)→ B(Hβ) given by
Φα→βγ (A) ∶= (id⊗TrQγ)(vβ,γα A(vβ,γα )∗), A ∈ B(Hα).
We call the maps Φ
α→β
γ Clebsch-Gordan maps (shortly, CG-maps) on G.
Remark 4.2. (1) The above construction was already considered to study
irreducibly SU(2)-covariant channels in [Lie78, LS14, AN14].
12 HUN HEE LEE AND SANG-GYUN YOUN
(2) In [BCLY20], the usual trace Tr was used instead of the quantum
trace TrQγ to construct Clebsch-Gordan channels. These maps are
indeed quantum channels, but not G-covariant in general. See Re-
mark 6.3 for more details.
(3) The CG-map Φ
α→β
γ coincides with Φ
β,γ
α in [BCLY20] if G is of Kac
type, but our notation has the merit of visualizing the connection
with its CJ-matrix and avoiding some confusions such as γ.
We collect some basic properties of Clebsch-Gordan maps below.
Proposition 4.3. Suppose that α,β, γ ∈ Irr(G) with α ⊆ β ⊺ γ.
(1) The map Φ
α→β
γ is G(α,β)-covariant.
(2) The map Φ
α→β
γ is quantum trace preserving, i.e. TrQβ(Φα→βγ (X)) =
TrQα(X), X ∈ B(Hα).
(3) We have Φ
α→β
γ (Idα) = dαdβ Idβ.
Proof. (1) Let us write vβ,γα = v for simplicity. For any X ∈ B(Hu), we
have
(Φα→βγ ⊗ id)(uα(X ⊗ 1)(uα)∗)
= (id⊗TrQγ ⊗ id)[(v ⊗ Id)uα(X ⊗ 1)(uα)∗(v ⊗ Id)∗]
= (id⊗TrQγ ⊗ id)[uβ ⊺ uγ(vXv∗ ⊗ 1)(uβ ⊺ uγ)∗]
=
nβ
∑
i,j,p,q=1
nγ
∑
k,l,r,s=1
(id⊗TrQγ)((eβij ⊗ eγkl)vXv∗(eβqp ⊗ eγsr))⊗ uβijuγkl(uγrs)∗(uβpq)∗
= ∑
i,j,p,q
l,s
e
β
ij(id⊗Tr)((Id⊗ eγsl)vXv∗)eβqp ⊗ uβij[(uγ)t(Qγ ⊗ 1)(uγ)c]ls(uβpq)∗
= ∑
i,j,p,q
e
β
ij(id⊗TrQγ)(vXv∗)eβqp ⊗ uβij(uβpq)∗
= uβ(Φα→βγ ⊗ id)(X ⊗ 1)(uβ)∗.
On the second last equality, we used the fact that (uγ)t(Qγ ⊗ 1)(uγ)c =
Qγ ⊗ 1.
(2) For X ∈ B(Hα) we have
TrQβ(Φα→βγ (X)) = (Tr⊗Tr)[(Qβ ⊗Qγ)vβ,γα X(vβ,γα )∗]
= Tr (X(vβ,γα )∗(Qβ ⊗Qγ)vβ,γα )
= Tr (X(vβ,γα )∗vβ,γα Qα) = TrQα(X),
where we used (2.4) in the third equality.
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(3) This is immediate from the above result and Proposition 3.7. 
From the identity (2.2) we immediately get the following.
Lemma 4.4. (1) For any α ∈ Irr(G) andX ∈ B(Hα), we have
(TrQα ⊗ id)(uα(X ⊗ 1)(uα)∗) = TrQα(X)⊗ 1. (4.1)
(2) For any α ∈ Irr(G) we have
((uα)c ⊺ uα)(nα∑
j=1
(Q−1α )jj ∣j⟩⊗ ∣j⟩⊗ 1) = nα∑
j=1
(Q−1α )jj ∣j⟩⊗ ∣j⟩⊗ 1. (4.2)
Now we are ready to determine the CJ-matrices of Clebsch-Gordan maps
with multiplicity-free condition. The case of SU(2) was proved in [AN14,
Proposition 4.5] based on a detailed analysis of Clebsch-Gordan coefficients
of SU(2), which seems available only in rare cases. The case of free or-
thogonal quantum groupsO+N was proved in [BCLY20, Theorem 3.3] using
diagrammatic calculus. Both proofs are quite different from our approach.
Theorem 4.5. Suppose that α ⊺ β has a multiplicity-free irreducible de-
composition. Then, for any γ ⊆ α ⊺ β, γ ∈ Irr(G), the CJ-matrix of Φα→βγ
is
C
Φ
α→β
γ
=
dα
dγ
(Q 12α ⊗ Idβ)pα,βγ (Q 12α ⊗ Idβ),
where pα,βγ is the orthogonal projection ontoHγ fromHα¯ ⊗Hβ ≅ H¯α ⊗Hβ.
Proof. Let C be the CJ-matrix of Φ
α→β
γ . Then Theorem 3.5, Proposition 3.2
and Proposition 4.3 tell us that (Q− 12α ⊗ Id)C(Q− 12α ⊗ Id) is a linear combi-
nation of orthogonal projections p
α,β
δ , where δ ⊆ α ⊺ β, δ ∈ Irr(G). In order
for the desired conclusion we will prove that C(Q− 12α ⊗ Id)vα,βδ = 0 for any
δ ≠ γ in Irr(G), which is the same as
0 = (vα,βδ )∗(Q− 12α ⊗Id)C⊗1 = (uδ)∗uδ [(vα,βδ )∗(Q− 12α ⊗ Id)C ⊗ 1] = (uδ)∗X.
The elementX = uδ [(vα,βδ )∗(Q− 12α ⊗ Id)C ⊗ 1] in the above is a linear com-
bination of the matrix coefficients of the representation δ. We will show that
they can be written as a linear combination of the matrix coefficients of the
representation γ. First we note
X = ((vα,βδ )∗ ⊗ 1)(uα ⊺ uβ)((Q− 12α ⊗ Id)C ⊗ 1)
= ((vα,βδ )∗(Q 12α ⊗ Id)⊗ 1)((uα)c ⊺ uβ)((Q−1α ⊗ Id)C ⊗ 1)
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Moreover, we have
((uα)c ⊺ uβ)((Q−1α ⊗ Id)C ⊗ 1)
=
nα
∑
i,j=1
((uα)c)13(uβ)23(Q−1α eαij ⊗Φα→βγ (eαij)⊗ 1)
=∑
i,j
((uα)c)13(uβ)23(id⊗ id⊗TrQγ ⊗ id)(Q−1α eαij ⊗ vβ,γα eαij(vβ,γα )∗ ⊗ 1)
=∑
i,j
Tr3Qγ (((uα)c)14(uβ)24 [Q−1α eαij ⊗ vβ,γα eαij(vβ,γα )∗ ⊗ 1])
=∑
i,j
Tr3Qγ (((uα)c)14(uβ)24(uγ)34 [Q−1α eαij ⊗ vβ,γα eαij(vβ,γα )∗ ⊗ 1] (uγ)∗34)
=∑
i,j
Tr3Qγ (((uα)c)14 [Q−1α eαij ⊗ (vβ,γα ⊗ 1)uα(eαij(vβ,γα )∗ ⊗ 1)] (uγ)∗34)
=∑
i,j
Tr3Qγ ((id⊗ vβ,γα ⊗ 1)((uα)c)13(uα)23 [Q−1α eαij ⊗ eαij(vβ,γα )∗ ⊗ 1] (uγ)∗34)
=∑
i,j
Tr3Qγ ((id⊗ vβ,γα ⊗ 1) [Q−1α eαij ⊗ eαij(vβ,γα )∗ ⊗ 1] (uγ)∗34) .
Here, we write Tr3Qγ = (id⊗ id⊗TrQγ⊗ id) for simplicity. The above fourth
equality is due to (1) of Lemma 4.4 and last equality is obtained by (2) of
Lemma 4.4. Now Schur orthogonality tells us that X must be zero unless
δ = γ, the conclusion we wanted.
The last step is to determine the scalar λ ∈ C satisfying
(Q− 12α ⊗ Id)C(Q− 12α ⊗ Id) = λpα,βγ .
Note that v
α,β
γ Q
−1
γ = (Q−1α ⊗ Qβ)vα,βγ implies vα,βγ Qγ = (Qα ⊗ Q−1β )vα,βγ .
Thus, we have
dα = Tr(dα
dβ
Q−1β ) = Tr(Φ(Idnα)Q−1β ) = (Tr⊗TrQ−1β )(C)
= λ(Tr⊗Tr)((Qα ⊗Q−1β )pα,βγ ) = λTr(vα,βγ Qγ(vα,βγ )∗) = λdγ,
which is the conclusion we wanted. 
Combining all the above we can determine the set of G(α,β)-covariant
linear maps and characterize all UCP maps inside of it. The case of CPTP
G(α,β)-covariant maps is more involved, but a similar conclusion holds ifG
is of Kac type.
Theorem 4.6. Suppose that the irreducible decomposition α ⊺ β ≅ ⊕nj=1γj
is multiplicity free. Then we have the following:
(1) The set {Φα→βγ ∶ γ ⊆ α ⊺ β} of CG-maps is a basis for the linear
space CovG(α,β).
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(2) CPCovG(α,β) = { n∑
j=1
ajΦ
α→β
γj
∶ aj ≥ 0, 1 ≤ j ≤ n}.
(3) Ext(UCPCovG(α,β)) = {dβ
dα
Φα→βγ ∶ γ ⊆ α ⊺ β}.
(4) Ext(CPTPCovG(α,β)) = {Φα→βγ ∶ γ ⊆ α ⊺ β} if, in addition, G is
of Kac type.
Proof. (1) Theorem 4.6 states that the CJ-matrix of Φ = ∑nj=1 ajΦ
α→β
γj is
CΦ =
n
∑
j=1
aj ⋅
dα
dγ
(Q 12α ⊗ Idβ)pα,βγj (Q 12α ⊗ Idβ),
and any uc ⊺ v-invariant operator should be of the above form by
Theorem 3.5 and Proposition 3.2. Moreover, orthogonality between
the associated projections p
α,β
γ is transferred to linear independence
of the set of CG-maps Φ
α→β
γ .
(2) Positivity of the coefficients aj follows from orthogonality between
the associated projections p
α,β
γj
.
(3) The above (2) says that any element in CPCovG(α,β) is written as
Φ = ∑nj=1
bjdβ
dα
Φ
α→β
γj with bj ≥ 0 for all j, and Φ is unital iff
n
∑
j=1
bj = 1
thanks to Proposition 4.3 (3). This means that CPCovG(α,β) is the
set of convex combinations of Φ
α→β
γj and, moreover, the CG-maps
are actually all extreme points due to their linear independence.
(4) Note that Φ
α→β
γ is trace-preserving ifG is of Kac type. Thus, the set
CPTPCovG(α,β) is {∑nj=1 ajΦα→βγj ∶ ∑j aj = 1 with aj ≥ 0 for all j} ,
and the linear independence of {Φα→βγj ∶ 1 ≤ j ≤ n} gives us the con-
clusion we wanted.

Remark 4.7. The space CovG(α,β) was studied for the following cases:
● G is finite group and α = β [MSD17]
● G = SU(2) [AN14, Corollary 4.6, Proposition 5.1]
5. TRACE DUALITY AND CLEBSCH-GORDAN MAPS
Recall that for a linear map Φ ∶ B(HA) → B(HB) we have Φ is CP ⇔
Φ∗ is CP⇔ Φ′ is CP and Φ is TP⇔ Φ∗ is unital⇔ Φ′ is unital. Here, Φ∗
and Φ′ are the adjoint maps introduced in Section 2.1.
We first observe that quantum group covariance transfers to the adjoint
maps.
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Proposition 5.1. Let G be a compact quantum group of Kac type, then a
linear map Φ ∶ B(Hα) → B(Hβ), α,β ∈ Irr(G), is G(α,β)-covariant if and
only if Φ∗ is G(β,α)-covariant.
Proof. The G(u,v)-covariance of Φ is equivalent to
nu
∑
i,j,k,l=1
Φ(euijXeulk)⊗ uiju∗kl = nv∑
p,q,r,s=1
evpqΦ(X)evsr ⊗ vpqv∗rs
for any X ∈ B(Hu). Applying the map Tr(⋅ Y )⊗ id on both sides for any
Y ∈ B(Hv) we get
∑
i,j,k,l
eulkΦ
∗(Y )euij ⊗ uiju∗kl = ∑
p,q,r,s
Φ∗(evsrY evpq)⊗ vpqv∗rs.
Now we apply id⊗S on both sides to get the desired conclusion. Here, S is
the antipode map and we need the Kac type condition for S(u∗kl) = ulk. 
Now we would like to focus on the adjoint maps of CG-maps, especially
in the Kac type case.
Lemma 5.2. Let α,β, γ ∈ Irr(G). The adjoint map (Φα→βγ )′ ∶ B(Hβ) →
B(Hα) is given by
(Φα→βγ )′(X) = (vβ,γα )t(X ⊗Qγ)(vβ,γα ) (5.1)
=
dα
dγ
Q
1
2
α(id⊗Tr)(pα,βγ (Idα ⊗X t))Q 12α (5.2)
In particular, we have (Φα→βγ )∗(Qβ) = (Φα→βγ )′(Qβ) = Qα.
Proof. Let C be the CJ-matrix of Φ
α→β
γ . For any Y ∈ B(Hβ) we have
⟪(Φα→βγ )′(X), Y ⟫ = Tr(X tΦα→βγ (Y ))
= Tr(X t(Tr⊗ id)(C(Y t ⊗ Id))
= (Tr⊗Tr)(dα
dγ
p
α,β
γ (Q 12αY tQ 12α ⊗X t)) by (2.1)
=
dα
dγ
(Tr⊗Tr)((Y t ⊗ Id)(Q 12α ⊗X t)pα,βγ (Q 12α ⊗ Id)),
which means that
(Φα→βγ )′(X) = dαdγ (id⊗Tr)((Q
1
2
α ⊗X t)pα,βγ (Q 12α ⊗ Id))
=
dα
dγ
Q
1
2
α [(id⊗Tr)(pα,βγ (Id⊗X t))]Q 12α
The last statement is directly from (2.4) and (5.1). 
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Lemma 5.3. For any α,β, γ with γ ⊆ α ⊺ β we have
(Q 12β ⊗Q 12α) ○Σ ○ vα,βγ Q− 12γ (5.3)
is an intertwiner between γ and β ⊺ α, where Σ ∶Hα⊗Hβ →Hβ ⊗Hα, ξ⊗
η ↦ η ⊗ ξ is the flip map.
Proof. Let us simply write v
α,β
γ = v. We begin with the intertwining prop-
erty (v ⊗ 1)uγ = (uα ⊺ uβ)(v ⊗ 1), which can be written as
nγ
∑
i,j=1
ve
γ
ij ⊗ u
γ
ij =
nα
∑
p,q=1
nβ
∑
r,s=1
(eαpq ⊗ eβrs)v ⊗ uαpquβrs ∈ B(Hα ⊗Hβ)⊗C(G).
Applying transpose on B(Hα ⊗Hβ) and then applying the involution map
∗ on B(Hα ⊗Hβ)⊗C(G) we get
(v ⊗ 1)(uγ)c = ∑
p,q,r,s
(eαpq ⊗ eβrs)v ⊗ (uβrs)∗(uαpq)∗. (5.4)
Finally, we apply Σ⊗ id to both sides of (5.4) to get
(Σ ○ v ⊗ 1)(uγ)c = ∑
p,q,r,s
Σ ○ (eαpq ⊗ eβrs)v ⊗ (uβrs)∗(uαpq)∗
= ∑
p,q,r,s
(eβrs ⊗ eαpq) ○Σ ○ v ⊗ (uβrs)∗(uαpq)∗
= [ ∑
p,q,r,s
eβrs ⊗ e
α
pq ⊗ (uβrs)∗(uαpq)∗] ⋅ (Σ ○ v ⊗ 1)
= ((uβ)c ⊺ (uα)c)(Σ ○ v ⊗ 1),
which leads us directly to the conclusion we wanted. 
Now the following theorem tells us that the category ofG-covariant maps
is closed under taking the adjoint map if G is of Kac type. A special case
where G = SU(2) was studied in [AN14, Corollary 6.3].
Theorem 5.4. Let G be of Kac type and suppose that α,β, γ ∈ Irr(G) such
that γ ⊆ α ⊺ β in a multiplicity-free way. Then the adjoint map of Φα→βγ is
given by
(Φα→βγ )∗ = dαdβ ⋅Φβ→αγ . (5.5)
Proof. For anyX ∈ B(Hα) we have
(Φα→βγ )′(X) = dαdγ (id⊗Tr)(pα,βγ (Idα ⊗X t))
=
dα
dγ
(Tr⊗ id)(σ(pα,βγ )(X t ⊗ Idα)),
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where σ ∶ B(Hα ⊗Hβ)→ B(Hα ⊗Hβ) is the flip map given by σ(a⊗ b) =
Σ ○ (a⊗ b) ○Σ = b⊗ a for the flip map Σ onHα⊗Hβ. Lemma 5.3, together
with the Kac type condition, tells us that (pβ,αγ )t = pβ,αγ = σ(pα,βγ ), so that
we have (Φα→βγ )∗(X) = dαdγ (Tr⊗ id)(pβ,αγ (X t ⊗ Idα)).
This is exactly the CJ-matrix of the linear map
dα
dβ
⋅Φβ→αγ by Theorem 4.5,
so that we get the desired conclusion. 
Remark 5.5. Proposition 5.1 and Theorem 5.4 tell us that, if G is of Kac
type and α,β ∈ Irr(G), then CPTPCovG(α,β) and UCPCovG(β,α) are
equivalent in the sense that there is a linear bijection Ψ ∶ B(Hα,Hβ) →
B(Hβ,Hα), Φ↦ dαdβΦ∗ such thatΨ(CPTPCovG(α,β)) = UCPCovG(β,α).
6. EXAMPLES
In this section we demonstrate that Theorems 4.5 and 4.6 serve as a
method of determining all G(α,β)-covariant maps, consisting of two steps,
through several concrete examples. The first step is to find all components
γ in the irreducible decomposition of α ⊺ β to get the associated orthog-
onal projections p
α,β
γ , which traces back to the extreme points Φ
α→β
γ due
to Theorem 4.5. This procedure is quite handy, and was already used in
[Key02, Has18] for some special cases without mentioning why the idea
should work. We know by now that multiplicity-free assumption guaran-
tees the success of the procedure thanks to Theorem 4.5.
What Theorem 4.5 is also telling us is the details of the Stinespring proce-
dure for the resulting channel. More precisely, we need to find an isometric
intertwiner v
β,γ
α ∈ Hom(α,β ⊺ γ), which leads us to the corresponding CG-
channels Φ
α→β
γ = (id ⊗ TrQγ)(vβ,γα ⋅ (vβ,γα )∗). This is the second step for
determining all G(α,β)-covariant maps.
The symmetry (quantum) groups that we are going to focus on are the
quantum permutation group S+n and the q-deformed quantum group SUq(2),
which unearth certain quantum phenomena. Then, we will consider abelian
groups through projective representations allowing us to revisit the Weyl-
covariant channels and explain how to obtain an analogous covariance with
respect to Majorana operator in the fermionic system.
6.1. The permutation groups versus the quantum permutation groups.
In this section we would like to compare covariances with respect to Sn and
S+n for n ≥ 4. Note that S2 = S+2 = Z2, the abelian group with two points and
S3 = S+3 , the simplest non-abelian group. This means that n ≥ 4 is a natural
restriction for observing genuine quantum phenomena.
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Let us recall basics of representation theory of Sn. We know that Irr(Sn)
can be identified with the set of all partitions of n:
{λ = (λ1,⋯, λk) ∶ λ1 ≥ ⋯ ≥ λk, λj ∈ N, k∑
j=1
λj = n}.
Note that the fundamental representation π ∶ Sn → B(ℓ2n) given by π(τ)(ek) =
eτ(k), 1 ≤ k ≤ n, has the irreducible decomposition u(n)⊕u(n−1,1). Indeed π
has two invariant subspacesH0 = C ⋅ ξ0 with ξ0 =
n
∑
j=1
ej andW =H⊥0 , which
correspond to the irreducible representations u(n) and u(n−1,1) respectively.
Here u(n) is the trivial representation, and we write u(n−1,1) simply by V .
Immediate consequences are dim(V ) = n − 1 and V is self-conjugate, i.e.
V = V .
From [TOK84, p.384, Example] we have a multiplicity-free decomposi-
tion
(n − 1,1) ⊺ (n − 1,1) ≅ (n)⊕ (n − 1,1)⊕ (n − 2,2)⊕ (n − 2,1,1) (6.1)
with dim(n − 2,2) = n(n−3)
2
and dim(n − 2,1,1) = (n−1)(n−2)
2
from the di-
mension formula [FH91, (4.11)]. Thus, we get realizations of the repre-
sentations (n − 2,2) and (n − 2,1,1) once we find invariant subspaces of(n − 1,1) ⊺ (n − 1,1) with the corresponding dimensions.
Now we turn our attention to the case of S+n , whose representation cate-
gory has the same fusion rule as SO(3). Recall that Irr(S+n) is identified
with {u0, u1, u2,⋯}. Let us write u1 simply by U . Then U ⊺ U has the
following irreducible decomposition
U ⊺ U ≅ u2 ⊕ u1 ⊕ 1
and the dimension of u2 is n2 − 3n + 1. Note that the permutation group
Sn can be understood as a (closed) quantum subgroup of S+n , i.e. there is a
surjective unital ∗-homomorphism R ∶ C(S+n) → C(Sn) such that ∆SNR =(R ⊗ R)∆S+n . Here, the maps ∆SN and ∆S+n are co-multiplications on Sn
and S+n , respectively. Actually the mapR is determined by R(Uij) = Vij for
all 1 ≤ i, j ≤ N − 1. Moreover, the map id ⊗ R sends an arbitrary unitary
representation on S+n into a unitary representation on Sn. In particular, we
have (id⊗R)(U2) = (n − 2,2)⊕ (n − 2,1,1) since
1⊕ V ⊕ (id⊗R)(u2) = (id⊗ id⊗R)(U ⊺ U)
= V ⊺ V
= 1⊕ V ⊕ (n − 2,2)⊕ (n − 2,1,1).
Moreover, applying id⊗R to (3.1) we can see that (S+n)(U,U)-invariant states
are automatically (Sn)(V,V )-invariant.
20 HUN HEE LEE AND SANG-GYUN YOUN
Combining all the above observations we can conclude that for n ≥ 4 the
convex set of all (Sn)V,V -covariant channels has exactly four extreme points
Φj , 1 ≤ j ≤ 4 with Φ1 = id, Φ2 = ΦV→VV , Φ3 = ΦV→V(n−2,2), Φ4 = Φ
V→V
(n−2,1,1).
Meanwhile, the convex set of all (S+n)U,U -covariant channels has exactly
three extreme points, Φ1, Φ2 and
n(n−3)
2(n2−3n+1)Φ3 +
(n−1)(n−2)
2(n2−3n+1)Φ4. Indeed, if
we start with (S+n)U,U -invariant states, they are spanned by the orthogonal
projections p
U,U
1
= pV,V
1
, p
U,U
U = p
V,V
V and p
U,U
u2
= pV,V(n−2,2) + p
V,V
(n−2,1,1). Then,
by Theorem 4.5, they trace back to Φ1, Φ2 and
n(n−3)
2(n2−3n+1)Φ3 +
(n−1)(n−2)
2(n2−3n+1)Φ4
respectively. The geometric picture of this 2-simplex inside the tetrahedron
with the vertices Φ1,⋯,Φ4 is given as follows. This finishes the first step
for both of the (quantum) groups.
Φ1
Φ2
Φ3
Φ4
n(n−3)
2(n2−3n+1)Φ3 +
(n−1)(n−2)
2(n2−3n+1)Φ4
6.1.1. Revisiting the case of S4 and S
+
4
. Let us continue to the second step
in the case of n = 4, namely, figuring out the Stinespring representations of
the associated CG-channels.
Recall the fundamental representation π ∶ S4 → B(ℓ24), π(τ)(ek) = eτ(k),
1 ≤ k ≤ 4. We choose a new ONB {fk ∶ 0 ≤ k ≤ 3} given by⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
f0 = 12(e1 + e2 + e3 + e4),
f1 = 12(e1 − e2 + e3 − e4),
f2 = 12(e1 − e2 − e3 + e4),
f3 = 12(e1 + e2 − e3 − e4).
Then, f0 is an π-invariant vector and the subspace W = {f0}⊥ = span{fk ∶
1 ≤ k ≤ 3} clearly has an ONB {fk ∶ 1 ≤ k ≤ 3}, which will be our choice of
basis below.
Now we would like to find realizations of the representations (2,2) and(2,1,1) through the irreducible decomposition
V ⊺ V ≅ (4)⊕ (3,1)⊕ (2,2)⊕ (2,1,1)
for the representation V = (3,1) = π∣W . First, we record the matrix form of
V (with respect to the basis {fk = ∣k⟩ ∶ 1 ≤ k ≤ 3}) in the case of generators
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(transpositions) (12), (23), (34) of S4, which is
V (12) =
⎡
⎢
⎢
⎢
⎢
⎢
⎣
0 −1 0
−1 0 0
0 0 1
⎤
⎥
⎥
⎥
⎥
⎥
⎦
, V (23) =
⎡
⎢
⎢
⎢
⎢
⎢
⎣
0 0 1
0 1 0
1 0 0
⎤
⎥
⎥
⎥
⎥
⎥
⎦
, V (34) =
⎡
⎢
⎢
⎢
⎢
⎢
⎣
0 1 0
1 0 0
0 0 1
⎤
⎥
⎥
⎥
⎥
⎥
⎦
. (6.2)
For the orthonormal vectors
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
∣ψ⟩ = 1√
3
(∣11⟩ + ∣22⟩ + ∣33⟩),∣g±
1
⟩ = 1√
2
(∣23⟩ ± ∣32⟩),∣g±
2
⟩ = 1√
2
(∣31⟩ ± ∣13⟩),∣g±
3
⟩ = 1√
2
(∣12⟩ ± ∣21⟩)
and the unit
vectors
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
∣h1⟩ = 1√
6
(−2∣11⟩ + ∣22⟩ + ∣33⟩),∣h2⟩ = 1√
6
(∣11⟩ − 2∣22⟩ + ∣33⟩),∣h3⟩ = 1√
6
(∣11⟩ + ∣22⟩ − 2∣33⟩), we can readily check that 4 ir-
reducible V -invariant subspaces
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
W1 = C∣ψ⟩,
W2 = span{g+1 , g+2 , g+3 },
W3 = span{h1, h2, h3},
W4 = span{g−1 , g−2 , g−3 }
correspond to
the components (4), (3,1), (2,2) and (2,1,1). Note that dim(W3) = 2 and
we have chosen non-orthogonal vectors for later use.
In order to figure out the CG-channels coming from the associated or-
thogonal projections pV,V(4) , p
V,V
(3,1), p
V,V
(2,2), p
V,V
(2,1,1) we need to look at the rela-
tions V ⊆ V ⊺ 1, V ⊆ V ⊺ V , V ⊆ V ⊺ (2,2) and V ⊆ V ⊺ (2,1,1) and find
the corresponding intertwining isometries v1,⋯, v4.
The first case v1 ∶ C3 → C3 ⊗C ≅ C3 is nothing but the identity map, i.e.
v1 = idC3 , which means that ΦV→V(4) = id3.
Secondly, we set v2 ∶ C3 → C3 ⊗W2 ⊆ C3 ⊗ C3 ⊗ C3, ∣k⟩ ↦ ∣g+k ⟩.
Then, it is straightforward to check that v2 is the wanted intertwiner, i.e.(V (τ) ⊗ V (τ))v2 = v2 ○ V (τ) for each τ ∈ S4 using the matrix form (6.2).
Note that it actually is enough to consider the cases τ = (12), (23), (34).
Then, the resulting channel is
Φ
V→V
(3,1) ∶
⎡
⎢
⎢
⎢
⎢
⎢
⎣
a11 a12 a13
a21 a22 a23
a31 a32 a33
⎤
⎥
⎥
⎥
⎥
⎥
⎦
↦
1
2
⎡
⎢
⎢
⎢
⎢
⎢
⎣
a22 + a33 a21 a31
a12 a11 + a33 a32
a13 a23 a11 + a22
⎤
⎥
⎥
⎥
⎥
⎥
⎦
.
For v3 and v4 the situation is a bit more complicated since our understand-
ing of the representations (2,2) and (2,1,1) is an indirect one coming from
the decomposition (6.1) or, in other words, as restrictions of V ⊺ V . We first
consider v3 ∶ C3 → C3 ⊗W3 ⊆ C3 ⊗C3 ⊗C3 given by v3(∣k⟩) ∶= ∣k⟩⊗ ∣hk⟩.
Then, we can readily check that v3 is the intertwiner we were looking for,
i.e. (V (τ)⊗ V (τ) ⊗ V (τ))v3 = v3 ○ V (τ) for each τ ∈ S4. Now we define
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v4 ∶ C3 → C3 ⊗W4 ⊆ C3 ⊗ C3 ⊗ C3 by
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
v4(∣1⟩) ∶= 1√
2
(∣2g−
3
⟩ − ∣3g−
2
⟩),
v4(∣2⟩) ∶= 1√
2
(∣3g−
1
⟩ − ∣1g−
3
⟩),
v4(∣3⟩) ∶= 1√
2
(∣1g−
2
⟩ − ∣2g−
1
⟩).
We can similarly check that v4 is the intertwiner for V ⊆ V ⊺ (2,1,1), i.e.(V (τ) ⊗ V (τ) ⊗ V (τ))v4 = v4 ○ V (τ) for each τ ∈ S4. Finally, we get the
resulting channels:
Φ
V→V
(2,2) ∶
⎡
⎢
⎢
⎢
⎢
⎢
⎣
a11 a12 a13
a21 a22 a23
a31 a32 a33
⎤
⎥
⎥
⎥
⎥
⎥
⎦
↦
1
2
⎡
⎢
⎢
⎢
⎢
⎢
⎣
2a11 −a12 −a13
−a21 2a22 −a23
−a31 −a32 2a33
⎤
⎥
⎥
⎥
⎥
⎥
⎦
,
Φ
V→V
(2,1,1) ∶
⎡
⎢
⎢
⎢
⎢
⎢
⎣
a11 a12 a13
a21 a22 a23
a31 a32 a33
⎤
⎥
⎥
⎥
⎥
⎥
⎦
↦
1
2
⎡
⎢
⎢
⎢
⎢
⎢
⎣
a22 + a33 −a21 −a31
−a12 a11 + a33 −a32
−a13 −a23 a11 + a22
⎤
⎥
⎥
⎥
⎥
⎥
⎦
.
Now we move to the case of quantum permutation group S+
4
. From the
discussion in the beginning of Section 6.1 we know that U ⊺ U has only
three invariant subspaces which correspond to the following orthogonal pro-
jections/quantum channels
p
1,1
0
= pV,V(n) ↔ Φ
1→1
0
= ΦV→V(4) = id3
p
1,1
1
= pV,V(3,1) ↔ Φ
1→1
1
= ΦV→V(3,1)
p1,1
2
= pV,V(2,2) + p
V,V
(2,1,1) ↔ Φ
1→1
2
= 2
5
ΦV→V(2,2) +
3
5
ΦV→V(2,1,1)
.
We only need to determine the Stinespring representation of the channel
Φ1→1
2
. Let w be the isometric intertwiner for u1 ⊆ u1 ⊺ u2, then by applying
id ⊗ R we can see that w is also an intertwiner for V ⊆ (V ⊺ (2,2)) ⊕(V ⊺ (2,1,1)). Since the multiplicity of V in (V ⊺ (2,2)) ⊕ (V ⊺ (2,1,1))
is 2, we know that w = αv3+βv4 ∶ C3 → C3⊗(W3 +W4) for some α,β ∈ C.
Comparing with the identity Φ1→1
2
= 2
5
ΦV→V(2,2) +
3
5
ΦV→V(2,1,1) we actually get
w =
√
2
5
v3 +
√
3
5
v4.
Remark 6.1. We have seen the difference between (SN)(V,V )-covariance
and (S+n)(U,U)-covariance by counting the number of extreme points for
each case. We can apply the same idea for other free quantum groups,
namely free orthogonal quantum groupsO+N and free unitary quantum groups
U+N containing ON and UN as closed quantum subgroups, respectively. Let
us denote the fundamental representations of ON , O
+
N , UN , U
+
N by v, V , u
and U respectively. Here, the structures of (v, v)-, (u,u)-, (u,u)-covariant
quantum channels have been studied in [VW01, Key02, Has18], and the
number of their extreme points are 3,2,2 respectively. In the quantum group
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perspective, their analogous notions should be (V,V )-, (U,U), (U,U)-
covariant quantum channels, and the number of their extreme points are
2,2,1 respectively.
6.2. The case of q-deformed quantum group SUq(2).
6.2.1. Qubit channels with SUq(2)-covariance. The representation theory
for SUq(2) is parallel with the one of SU(2), so that we have Irr(SUq(2)) ={0,1,2,⋯,}, where 0 corresponds to the trivial representation. See [KK89,
KS97] for details about the Clebsch-Gordan coefficients of SUq(2). Let
us determine the set of all SUq(2)(1,1)-covariant channels, which are qubit
channels. From the decomposition 1 ⊺ 1 ≅ 2 ⊕ 0 and the fact that k ≅ k
we know that we need to focus on 1 ⊆ 1 ⊺ 0, 1 ⊆ 1 ⊺ 2 and the associated
isometric intertwiners v1,0
1
, v1,2
1
, which are given by v1,0
1
= idC2 and
v
1,2
1
∣0⟩ = 1√
1 + q2 + q4
∣01⟩ −
√
q2 + q4√
1 + q2 + q4
∣10⟩
v
1,2
1
∣1⟩ =
√
1 + q2√
1 + q2 + q4
∣02⟩ − q2√
1 + q2 + q4
∣11⟩.
Then, the resulting CG-maps are Φ1→1
0
= id2 and
Φ1→12 ([ a bc d ]) = 11 + q2 + q4 [ a + d(q
2 + q4) −bq2
−cq2 a(1 + q2) + dq4 ] .
Thus, we get
UCPCovSUq(2)(1,1) = {p ⋅Φ1→10 + (1 − p) ⋅Φ1→12 ∶ 0 ≤ p ≤ 1} ,
the convex set of all SUq(2)(1,1)-covariant quantum channels in the Heisen-
berg picture.
Remark 6.2. In the Schro¨dinger picture we have a completely different
conclusion. Indeed, a SUq(2)(1,1)-covariant linear map a ⋅Φ1→10 + b ⋅Φ1→12
is trace-preserving if and only if a = 1 and b = 0. Thus, the identity map
id2 = Φ1→10 is the only trace-preserving SUq(2)(1,1)-covariant map.
Surprisingly, the same conclusion still holds for SUq(2)(k,k) with arbi-
trary k ∈ N. In other words, the identity map idk+1 = Φk→k0 is the unique
SUq(2)(k,k)-covariant CPTP map. Moreover, we can prove that there ex-
ists no SUq(2)(k,l)-covariant CPTP map if k > l. See Corollary 6.6 for the
details.
Remark 6.3. The use of quantum trace for the definition of CG-maps is
essential to get G-covariance. Indeed, if we use the usual trace together
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with the isometry v
1,2
1
as in [BCLY20], then we have
(id⊗Tr)(v1,2
1
[ a b
c d
] (v1,2
1
)∗)
=
1
1 + q2 + q4
[ a + (1 + q2)d −q2b−q2c a(q2 + q4) + dq4 ] ,
which is trace-preserving. However, it is not a linear combination of Φ1→1
0
and Φ1→1
2
.
Remark 6.4. Note that, for a compact group G, the complementary chan-
nels of G-Clebsch-Gordan channels
(Tr⊗ id)(vβ,γα ⋅ (vβ,γα )∗)
are always G(α,γ)-covariant. This is not automatically reproduced in the
quantum group case. Indeed, a natural choice of “complementary map” of
Φ1→2
1
would be
ρ ↦ (TrQ2 ⊗ id)(v2,11 ρ(v2,11 )∗),
which is quantum trace-preserving, but is not SUq(2)(1,1)-covariant. More
precisely, the above map is
[ a b
c d
]↦ 1
1 + q2 + q4
[ aq4 + d(q4 + q6) −bq2−cq2 a(q−2 + 1) + d ] ,
which is not a linear combination of Φ1→1
0
and Φ1→1
2
.
6.3. SUq(2)-covariant CP maps are rarely TP. We begin with a result
applicable for a general quantum group G.
Proposition 6.5. Suppose that α,β ∈ Irr(G) and α ⊺ β has a multiplicity-
free irreducible decomposition.
(1) There exists a CPTP G(α,β)-covariant map only if
nα ∥Qα∥
dα
≤
nβ ∥Qβ∥
dβ
.
(2) Any CPTP G(α,α)-covariant map is a convex combination of Φα→αγ
for which γ ⊆ α ⊺ α and Qγ = Iγ .
Proof. (1) Let Φ ∶ B(Hα) → B(Hβ) be a CPTP G(α,β)-covariant map
and let α ⊺ β ≅ ⊕nj=1γj is the multiplicity-free irreducible decompo-
sition. Then we can write Φ =
n
∑
j=1
ajΦ
α→β
γj
, and we have Φ∗(Qβ) =
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( n∑
j=1
aj)Qα by Lemma 5.2. SinceΦ∗ is a UCPmap, it is contractive,
so that we have ∥Qβ∥∥Qα∥ ≥
n
∑
j=1
aj .
Moreover, (3) of Proposition 4.3 tells us that Φ(Iα) = (∑j aj)dαdβ Iβ,
so that we have
n
∑
j=1
aj =
nαdβ
dαnβ
by trace preserving property of Φ. Thus the desired conclusion di-
rectly follows.
(2) Note that the sequence (aj)nj=1 is now indeed a probability distribu-
tion. Moreover, (5.2) tells us that
n
∑
j=1
aj
dγj
(id ⊗ Tr)(pα,βγj ) = 1dαQ−1α ,
so that we get
n
∑
j=1
aj
nγj
dγj
= 1 by taking trace on both sides. Now we
can easily conclude that aj = 0 whenever
nγj
dγj
< 1.

The above theorem covers a broad class of non-Kac compact quantum
groups. For example, we can demonstrate that SUq(2)-covariant CP maps
are rarely trace-preserving as follows.
Corollary 6.6. Let G = SUq(2) with 0 < q < 1. Recall that Irr(SUq(2))
can be identified with {0,1,2,⋯}.
(1) For any k, l ∈ Irr(SUq(2)) with k > l, there is no CPTP SUq(2)(k,l)-
covariant map.
(2) The only CPTP SUq(2)(k,k)-covariant map is the identity map on
Mk+1.
Proof. (1) By (1) of Proposition 6.5 it is enough to show that the fol-
lowing function k ↦
nk ∥Qk∥
dk
=
(1 − q2) ⋅ (k + 1)
1 − q2(k+1)
is strictly in-
creasing. Indeed, for f(x) = x + 1
1 − q2(x+1)
, we have
f ′(x)
f(x) = 1x + 1 +
q2(x+1) ⋅ log(q2)
1 − q2(x+1)
and f ′(x) > 0 is equivalent to the condition
1 − q2(x+1) + (x + 1)q2(x+1) log(q2) > 0. (6.3)
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Now the Taylor expansion q−2(x+1) =
∞
∑
k=0
(log(q−2))k
k!
(x+1)k shows
that q−2(x+1) > 1 + (x + 1) log(q−2), which is the same as (6.3).
(2) Since uk ⊺ uk ≅ u0 ⊕ u2 ⊕ ⋯ ⊕ u2k, the desired conclusion comes
from the fact that Qn ≠ Id for all n ≠ 0.

Remark 6.7. The case for k < l is still open, and there are some possibilities
to find CPTP SUq(2)(k,l)-covariant maps. Indeed, the following map
λ↦
λ
d + 1
Idd+1
is clearly a CPTP SUq(2)(0,d)-covariant channel for any d ∈ N.
6.4. Covariance with respect to projective representations. From the
beginning, the study of group symmetry allowed not only the representa-
tions of groups, but also projective representations coming from 2-cocycle
twistings. For a compact groupGwe say that a continuous function σ ∶ G→
T is 2-cocycle if σ(s, t)σ(st, u) = σ(s, tu)σ(t, u) and σ(s, e) = σ(e, t) = 1
for all s, t, u ∈ G. A unitary projective representation of G with respect to
σ (simply, σ-representation) is a map (continuous under the strong operator
topology) π ∶ G → U(Hpi) satisfying π(s)π(t) = σ(s, t)π(st). This gives
us a natural action of G to the states via conjugation, and consequently we
get G-invarince of states and G-covariance of channels with respect to pro-
jective representations as in the ordinary representation case.
In a sense this new set of tools is not a big surprise since the theory of
projective representation is closely related to ordinary representation the-
ory. More precisely, the above projective representation π can be lifted to
a central extension Gσ ∶= T × G of G with the group law (s, x) ⋅ (t, y) ∶=(stσ(x, y), xy). The actual lifting is the map π˜ ∶ Gσ → U(Hpi), (s, x) ↦
sπ(x), which becomes an ordinary unitary representation of the compact
group Gσ. Note that π˜ is known to be irreducible if and only if π is ir-
reducible. One can easily see that the action of G through π and of Gσ
through π˜ is exactly the same.
However, it is still valuable to separate the case of projective represen-
tations due to their intimate connection to fundamental quantum systems
such as (finite) Weyl systems and fermionic systems. This case will pro-
vide us further non-trivial examples of multiplicity-free irreducible decom-
positions, and lead us back to the well-known concept of Weyl covariant
channels as we will cover below.
From now on we would like to narrow our attention to the case that G is
a finite abelian group, where we can actually find nontrivial examples, and
we will use additive notation for the group law (i.e. x + y, instead of xy) of
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G. The groupG is equipped with a 2-cocycle σ, and we will require that the
mapG×G→ T, (x, y)→ σ(x, y)σ(y, x) gives rise to a group isomorphism
between G and the dual group Ĝ of G consisting of characters on G. All
the above assumptions on G and σ guarantee that there exists only one
(upto unitary equivalence) irreducible σ-representation W ∶ G → B(HW )
[DV04].
The limited supply of irreducible σ-representations of G forces us to fo-
cus on G(W,W )-covariant linear map
Φ ∶ B(HW )→ B(HW ),
which means that Φ(W (x)AW (x)∗) = W (x)Φ(A)W (x)∗, x ∈ G, A ∈
B(HW ). Note that it is easy to check that the adjoint map Φ∗ of a G(W,W )-
covariant map Φ is again G(W,W )-covariant, which means that we could
still stay in the Schro¨dinger picture in this case. In order to determine the
structure of all G(W,W )-covariant linear maps we can use exactly the same
argument as before as long as the representationW ⊺ W has a multiplicity-
free irreducible decomposition. One notable difference here is thatW ⊺ W
is an ordinary representation ofG whileW is a projective one. Moreover, it
is well known that irreducible unitary representations of G are nothing but
the characters onG, namely the elements of Ĝ. Thus, we need to check that
W ⊺ W ≅ ⊕Nj=1 γj , where all the elements γj ∈ Ĝ, 1 ≤ j ≤ N are distinct.
This actually happens in the following examples.
6.4.1. FiniteWeyl systems. LetG = F×F̂ , where F is another finite abelian
group, equipped with the 2-cocyle σ((x, γ), (y, δ)) ∶= γ(y). We recall the
translation and the modulation operator Tx and Mγ for x ∈ F , γ ∈ Ĝ given
by
Txf(u) ∶= f(u − x), Mγf(u) ∶= γ(u)f(u), f ∈ L2(F ), u ∈ F.
Then, the unique σ-representation W ∶ G → B(HW ) is given by HW =
L2(F ) and
W (x) ∶= TxMγ , x = (x, γ) ∈ G.
Our choice of the Haar measure on F is the counting measure, so that the
family {δx ∶ x ∈ F} is an orthonormal basis of HW = L2(F ), where δx is
the Dirac delta function at x ∈ F . Now we consider a family {fx}x=(x,γ)∈G
of orthonormal basis for HW ⊗HW = L2(F × F ) given by
fx = ∣F ∣− 12 ∑
y∈F
δy ⊗W (x)δy. (6.4)
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For y = (x′, γ′) ∈ G we have
[W (y)⊗W (y)]fx = ∣F ∣− 12 ∑
y∈F
W (y)δy ⊗W (y)W (x)δy
= σ(x,y)σ(y,x)∣F ∣− 12 ∑
y∈F
W (y)δy ⊗W (x)W (y)δy
= σ(x,y)σ(y,x)∣F ∣− 12 ∑
y∈F
δx′+y ⊗W (x)δx′+y
= σ(x,y)σ(y,x)fx,
where we are using the fact thatW (y)δy = γ′(y)δx′+y. This means that the
representationW ⊺ W has a multiplicity free irreducible decomposition
W ⊺ W = ∑
x∈G
ϕx∣fx⟩⟨fx∣,
where ϕx is a character on G given by ϕx(y) = σ(x,y)σ(y,x), y ∈ G. In
other words, we have
W ⊺ W ≅⊕
x∈G
ϕx.
Finally, we can easily check that the unitary channel AdW (x), x ∈ G corre-
sponds to the minimal projection ∣fx⟩⟨fx∣, i.e. CAdW(x) = ∣F ∣ ⋅ ∣fx⟩⟨fx∣.
Now we obtain the following result, which was known for the case of
F = Zd, d ∈ N , a.k.a. Weyl covariant channels [SC18, Theorem 4]. Note
that the corresponding invariant states was already investigated in [VW01,
Example 6].
Theorem 6.8. We have Ext(CPTPCovG(W,W )) = {AdW (x) ∶ x ∈ G}. In
other words, any G(W,W )-covariant channel Φ is of the form
Φ(A) = ∑
(x,γ)∈G
pxW (x)AW (x)∗, A ∈ B(HW )
for some probability distribution (px)x∈G.
6.4.2. Fermionic system. The fermionic system in n-modes can be described
by the groupG = F × F̂ , where F = Zn
2
. The difference from the finite Weyl
system on the same group G is that we use the following 2-cocycle.
σfer(x,y) ∶= (−1)xt∆y, x,y ∈ G ≅ Z2n2 , where ∆ = ⎡⎢⎢⎢⎢⎣
0
1 0
1 1 0
⋮ ⋮ ⋱ ⋱
1 1 ⋯ 1 0
⎤⎥⎥⎥⎥⎦.
The unique irreducible unitary σfer-representation W = Wfer ∶ G ≅ Z2n2 →
B(ℓ2(F )) =M2n(C) is given by
Wfer(x) ∶= cˆx11 ⋯cˆx2n2n , x = (x1,⋯, x2n) ∈ Z2n2 .
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Here, we use the Majorana operators cˆ1, . . . , cˆ2n, which are self-adjoint
operators acting on ℓ2(F ) satisfying the CAR:
{cˆj, cˆk} = 2δjk, 1 ≤ j, k ≤ 2n.
Note that cˆj’s are identified with
cˆ2j−1 = Z ⊗⋯⊗Z ⊗X ⊗ I ⊗⋯⊗ I
cˆ2j = Z ⊗⋯⊗Z ⊗ Y ⊗ I ⊗⋯⊗ I,
where
X = [0 1
1 0
], Y = [0 −i
i 0
], Z = [1 0
0 −1
],
the usual Pauli matrices for qubit, and we have X and Y at j-th tensor
component in the above.
Now we would like to consider (Z2n
2
)(Wfer,Wfer)-covariant channels, which
we should call fermionic covariant 2n-qubit channels. We may apply the
same argument as in the finite Weyl system case. More precisely, we con-
sider an ONB {fx}x∈G as in (6.4). A careful look at the action of W (x)
on the vector δy, y ∈ F , says that there is a permutation τ ∶ F → F
and a constant Dx,y ∈ {±} such that W (x)δy = Dx,yδτ(y). Indeed, for
x = (x1, x2,⋯, x2n−1, x2n) and y = (y1,⋯, yn) we have
W (x)δy
= cˆx1
1
cˆx2
2
⋯cˆx2n−1
2n−1 cˆ
x2n
2n δy
= (Xx1Y x2 ⊗ I ⊗ I ⊗⋯)(Zx3+x4 ⊗Xx3Y x4 ⊗ I ⊗⋯)
⋯(δy1 ⊗⋯⊗ δyn)
= (−1)y1(x3+⋯+x2n)Xx1Y x2δy1 ⊗ (−1)y2(x5+⋯+x2n)Xx3Y x4δy2 ⊗⋯,
which explains the above claim.
Now we can repeat the same argument after (6.4) to get the following.
Theorem 6.9. We have Ext(CPTPCovZ2n
2
(Wfer,Wfer)) = {AdWfer(x) ∶ x ∈
G}. In other words, any fermionic covariant channel Φ is of the form
Φ(A) = ∑
(x,γ)∈G
pxWfer(x)AWfer(x)∗, A ∈ B(HW )
for some probability distribution (px)x∈G.
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